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1 Basic on Markov Process

In this part, the space Σ to which random variables are defined (and by extension a stochastic process) is

finite, as it is for a network state space. For example: |Σ| = 2n <∞, where n is the number of network

nodes.

Our work is based on two books:

• Stochastic Processes in Physics and Chemistry, 2004, NG Van Kampen, Elsevier, Amsterdam.

• Probability, 1996, AN Shiryaev, volume 95 of Graduate texts in mathematics, Springer-Verlag, New

York.

We provide the demonstration of every theorem in order to present the theory in a self-consistent

manner. These demonstrations can alos be obtained by using more general text books of Markov

process.

1.1 Definitions

A stochastic process is a set of random variables {s(t), t ∈ I ⊂ R} defined on a probability space. Formally,

s(t) is an application Ω→ Σ, where Ω is the set of elementary events of the probability space. The full

probabilistic model is defined by joint probability densities, i.e. P [{s(t) = St}], for any set

{St ∈ Σ, t ∈ J ⊂ I}.
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Because such a mathematical model can be very complicated, stochastic processes are often restricted to

Markov processes: a Markov process is a stochastic process that has the Markov property, expressed in the

following way: “conditional probabilities in the future, related to the present and the past, depend only on

the present”. This property can be translated as follow

P
[
s(ti) = S(i)|s(t1) = S(1), s(t2) = S(2), . . . , s(ti−1) = S(i−1)

]
= P

[
s(ti) = S(i)|s(ti−1) = S(i−1)

]
(1)

For discrete time, i.e. I = {t1, t2, . . . }, it can be shown that a Markov process is completely defined by its

transition probabilities (P [s(ti) = S|s(ti−1) = S′]) and its initial condition (P [s(t1) = S]).

For continuous time, this can be generalized. If I is an interval (I = [tm, tM ]), it can be shown (see

Shiryaev) that a Markov process is completely defined by the set of transition rates ρ(S→S′) and its initial

condition P [s(tm) = S]. In that case, instantaneous probabilities P [s(t) = S] are solutions of a master

equation:
d

dt
P [s(t) = S] =

∑
S′

{
ρ(S′→S) P [s(t) = S′]− ρ(S→S′) P [s(t) = S]

}
(2)

Formally, the transition rates (and the transition probabilities) can depend explicitly on time. For now, we

will consider time independent transition rates. It can be shown that, according to this equation, the sum

of probabilities over the network state space is constant. Obviously, the master equation represents a set of

linear equation. Because network state space is finite, P [s(t) = S] can be seen as a vector of real number,

indexed in the network state space: Σ =
{
S(µ), µ = 1, . . . , 2n

}
, ~P(t)

∣∣∣
µ
≡ P

[
s(t) = S(µ)

]
. With this

notation, the master equation becomes
d

dt
~P(t) = M~P(t) (3)

with

M |µν ≡ ρ(S(ν)→S(µ)) −
∑
σ

ρ(S(ν)→S(σ))δµν (4)

called the transition matrix. The solution of the master equation can be written formally:

~P(t) = exp(Mt)~P(0) (5)

Solutions of the master equation provide not only the instantaneous probabilities, but also conditional

probabilities:

P
[
s(t) = S(µ)|s(t) = S(ν)

]
=
[
exp(Mt)~P(0)

]
µ

(6)
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with the initial condition

~P(0)
∣∣∣
σ

= δνσ (7)

From this continuous time Markov process, a discrete time Markov process can be constructed (called

jump process) by defining transition probabilities in the following way:

P [s(ti) = S′|s(ti−1) = S] = ρ(S→S′)/
∑
S′′

ρ(S→S′′) (8)

1.2 Stationary distributions of continuous time Markov process

In this part, characterization of stationary distribution will be presented. In particular, it will be shown

that time average of single trajectories produced by Kinetic Monte-Carlo converges to an indecomposable

stationary distribution (for a given state S, time average of a single trajectory Ŝ(t), t ∈ [0, T ] is given by

1
T

∫ T
0
dtIS(t), with IS(t) ≡ δS,Ŝ(t)).

For that, let us define the concept of indecomposable stationary distribution associated to a set of

transition rates: it is a stationary continuous time Markov process, associated to the set of transition rates,

whose instantaneous probabilities are not the linear combination of two (different) instantaneous

probabilities that are themselves associated to the same set of transition rates.

In addition, let G(Σ, E) the graph in the network state space Σ (the transition graph) that associates an

edge to each non-zero transition rate, i.e. e(S,S′) ∈ E if ρS→S′ > 0. Consider the set of strongly connected

components. Because reduction of these components to a single vertex produces an acyclic graph, there

exists at least one strongly connected component that has no outcoming edges. Let

FG = {Φk(φk, ek), k = 1, ..., s} the set of these connected components with no outcoming edges. In

addition, let us recall that the support of a probability distribution is the set of states with non-zero

probabilities.

Characterization of stationary distributions will be done by showing the following statements:

1. Support of any stationary distribution is the union of elements of FG.

2. Two stationary distributions that have the same support in a Φ ∈ FG are identical. Therefore,

indecomposable stationary distributions are associated with elements of FG.

3. Probabilities of indecomposable stationary distribution can be computed by infinite time averaging

over instantaneous probability, with an initial condition having a support in a Φ ∈ FG.
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4. Given a indecomposable stationary distribution, time average of any trajectory of this process

converges to the stationary distribution.

Lemma 1. Consider a continuous time Markov process s(t) which is stationary. Let G(Σ, E) the graph

associated with the transition rates (transition graph). Let H(V, F ) ⊂ G a sub-graph with no outcoming

edges. Let ∂V be the set of nodes (or states) that have an edge to H. ∀S ∈ ∂V , P [s(t) = S] = 0.

Proof. Consider the master equation applied to the sum of probabilities on V . Using the definition of V

and ∂V (recall that the Markov process is stationary),

0 =
∑
S∈V

d

dt
P [s(t) = S]

=
∑

S∈V,S′∈(V
S
∂V )

(ρS′→SP [s(t) = S′]− ρS→S′P [s(t) = S])

=
∑

S∈V,S′∈∂V

ρS′→SP [s(t) = S′] (9)

By definition of V and ∂V , ∀S′ ∈ ∂V , ∃S ∈ V such that ρS′→S is non-zero; then the equation above implies

that P [s(t) = S′] = 0

Theorem 1. Consider a continuous time Markov process s(t) which is stationary. Let G(Σ, E) the graph

associated with the transition rates (transition graph). Let FG = {Φk(φk, ek), k = 1, ..., s} be the set of

connected component with no outcoming edges. The set {S s. th. P [s(t) = S] > 0} is the union of some of

the φk.

Proof. If a state S has a zero instantaneous probability P [s(t) = S], all states S′ that have a connection

S′ → S in G have also zero instantaneous probability. This can be easily checked by applying the master

equation to P [s(t) = S].

Consider all states that have a connection to one of the φk; they have zero instantaneous probability

according to the previous lemma. Then, by applying iteratively the previous statement, all states that do

not belong to one the φk have zero instantaneous probability.

It remains to show that if a state that belongs to one of the φk has a non-zero instantaneous probability,

all states in φk have non-zero probability. Suppose that this is not true, i.e. there exist S,S′ ∈ φk such that

P [s(t) = S] = 0 and P [s(t) = S′] > 0. By definition of the strongly connected component, there exists a

path in Φk from S′ to S. Applying iteratively (along the path) the statement at the beginning of this proof

produces a contradiction.
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Corollary 1. Consider a set of transition rates. Let G(Σ, E) be the graph associated with the transition

rates (transition graph). Let FG = {Φk(φk, ek), k = 1, ..., s} be the set of connected components with no

outcoming edges. Any stationary continuous time Markov process that is indecomposable has a support in

FG.

Proof. Proven easily from the previous theorem.

Theorem 2. Consider two different stationary Markov processes that have the same transition rates and

the same support (states with non-zero instantaneous probabilities). If both stationary distributions are

indecomposable (i.e. associated to the same strongly connected component), they are identical.

Proof. Using the vector notation, if M is the transition matrix, ~P and ~̃P are two stationary distributions,

we have

M~P = M~̃P = 0 with
∑
µ

Pµ =
∑
µ

P̃µ = 1 (10)

Consider ~P(α) = α~P + (1− α)~̃P. For α ∈ [0, 1], ~P(α) is also a stationary distribution according to M

(M~P(α) = 0, all components are between 0 and 1 and their sum is equal to 1). If α 6∈ [0, 1], ~P(α) may not

be a stationary distribution because some components may be negative (and other bigger than 1, because

the sum of components remains equal to 1). Consider

αm = maxα
{
α < 0 s. th. ∃µ with P(α)

µ = 0
}

(11)

αm exists for the following argument. There is at least one µ for which Pµ 6= P̃µ. Because the sum of

components is always equal to 1, there exists one ν such that Pν > P̃ν . In that case, P(α)
ν is a linear

function of α with positive slope, and can be set to zero by a negative value of α. Because there is a finite

number of such α, αm exists.

By definition of αm, ~P(αm) is a stationary distribution for M , that has all positive components except one

(αm is the maximum negative value that sets one component to zero, implying that other components

remain non-negative). Therefore, the support of ~P(αm) is smaller than ~P and ~̃P, which contradicts the

previous theorem.

Theorem 3. Consider a continuous time Markov process s(t) whose initial condition has its support in a

strongly connected component with no outcoming edges φ. The infinite time average of instantaneous

probabilities converges to the stationary distribution associated to the same transitions rates with support in

φ (this theorem shows the existence of an indecomposable stationary distribution associated to φ).
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Proof. Consider the finite time average of probabilities:

PT (S) ≡ 1
T

∫ T

0

dt P [s(t) = S] (12)

Let us use vector notation: M represents the transition matrix, ~P(t) and ~PT represents P [s(t) = S] and

PT (S). By definition, the components ~PT are non-negative and their sum is equal to one. Applying M on

~PT , we obtain:

M~PT =
1
T

∫ T

0

dt
d

dt
~P(t) =

1
T

[
~P(T )− ~P(0)

]
(13)

Therefore, limT→∞M~PT = 0 (every component of ~P(t) is bounded). Because the space of ~PT is compact

and because components of ~PT are bounded, there exists a converging subsequence ~PTi , i = 1, . . ..

Therefore, ~̃P ≡ limi→∞ ~PTi is a stationary distribution associated to M . By the choice of the initial

condition, instantaneous probabilities are always zero for states outside of φ; therefore the support of ~̃P is

in φ. Because there exists only one such stationary distribution (previous theorem), each converging

subsequence of ~PT has the same limit. Therefore, ~PT converges to the unique indecomposable stationary

distribution with its support in φ.

Theorem 4. Let s(t) a continuous time Markov process whose initial condition has its support in a

strongly connected component with no outcoming edges φ. The limit t→∞ of instantaneous probabilities

converges to the indecomposable stationary distribution associated to φ.

Proof. Let us restrict the state space Σ to the strongly connected component φ and use the vector notation

for the master equation, d
dt
~P(t) = M~P(t). By the previous theorem, there exists only one ~P(0) such that

M~P(0) = 0 with P(0)
i ∈]0, 1[ ∀i = 1, . . .. In addition, it can be shown that any solution with such an initial

condition Pi(0) ∈ [0, 1] ∀i = 1, . . . and
∑
iPi(0) = 1 has the following property:

Pi(t) ∈]0, 1[ ∀i = 1, . . . ∀t > 0. For that, suppose the converse: in that case, because the master equation

solutions are continuous, consider the smallest t̃ > 0 such that ∃S̃ with P
[
s(t̃) = S̃

]
= 0. Therefore

d

dt
P
[
s(t̃) = S̃

]
=
∑
S′

ρS′→S̃P
[
s(t̃) = S̃′

]
≥ 0 (14)

The case d
dtP

[
s(t̃) = S̃

]
> 0 is impossible, because before t̃, all instantaneous probabilities are

non-negative, by definition of t̃ and because the master equation solutions are continuous∗. Therefore,

d
dtP

[
s(t̃) = S̃

]
= 0 at t = t̃ and all states that have a target to S̃ have also a zero probability (equation

14). By applying this statement iteratively, because the system is restricted to a strongly connected
∗notice that probabilities cannot be negative in a neighborhood of t = 0, because of the equation above
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component, all states have zero probability at time t̃, which is a contradiction. Therefore, for t > 0, all

states have non-zero positive probability. Because the sum of probabilities is constantly equal to one, then

Pi(t) ∈]0, 1[ ∀i = 1, . . . ∀t > 0.

Consider the spectral decomposition of M :
{
λi, ~v

(i)
}

. ~P(0) = ~v(i) for λi = 0. Any solution has the form∑
i βi exp(tλi)~v(i) (if M is non-diagonalizable, one should multiply exp(tλi) by a polynomial in t). In order

to have the property
∑
iPi(t) = cst, one should have

∑
j v

(i)
j = 0 for i such that λi 6= 0. Therefore, any

solution with
∑
iPi(t) = 1 is the linear combination of ~P(0) and of other time varying solution(s). The

constant coefficient in front of time varying solutions can be set as small as possible, such that the initial

conditions of probabilities are in [0, 1]. In that case, the property Pi(t) ∈]0, 1[ ∀i = 1, . . . ∀t > 0 implies

that <λi ≤ 0 ∀λi.

It remains to show that an oscillatory solution is impossible (<λi < 0 ∀λi 6= 0). Suppose the converse: let

~P = α~P(0) + β~Ps(t) be a solution of the master equation, with ~Ps(t) an oscillatory solution. It is possible

to tune α and β in order to have
∑
iPi(t) = 1 and Pi(t) ∈]0, 1[ ∀i = 1, . . . ∀t > 0. Because β can be

constantly varied within an interval (
∑
iP

s
i ) = 0), it is possible to construct an βM such that ∃(j, t̃ > 0)

with Pj(t̃) = 0 and Pi(t) ∈ [0, 1] ∀i = 1, . . . ∀t > 0†. But we have shown above that this is impossible.

Therefore, <λi < 0 for λi 6= 0 and any time varying solution converges to the stationary solution ~P(0).

Corollary 2. For a continuous time Markov process to a finite state space, the limit t→∞ of

instantaneous probabilities converges to a stationary distribution.

Proof. As the previous theorem, consider the vector notation d
dt
~P(t) = M~P(t). Consider the spectrum of

M , i.e.
{
λi, ~v

(i)
}

. Because any solution has
∑
iPi(t) = cst,

∑
j v

(i)
j = 0 for i such that λi 6= 0. With

identical arguments than for previous theorem, the fact that Pi(t) ∈ [0, 1] ∀i = 1, . . . ∀t > 0 implies that

<λi ≤ 0 ∀λi. Consider ~P = α~P(0) + β~Ps(t) with ~Ps(t) an oscillatory solution. As for the theorem above, β

and α can be tuned in order to have Pj(t̃) = 0 for a given j and a given t̃. Again, all states that have

non-zero transition rate to state j have also zero probability at time t̃. By extend, the smallest sub-graph

H ⊂ G(Σ, E), containing the state j and that have no incoming edges, has nodes with zero probability at

time t̃. Because this set has no incoming edges, the probability of its nodes is zero for t > t̃ (and by extend

for t > 0 because of uniqueness of solutions for any system of linear differential equations). Applying this

†the fact that an oscillatory solution is a linear combination of cos and sin is crucial. This t̃ corresponds to a local minimum
of a cos or a sin, which is also a global minimum. This argument does not work for damped oscillatory solutions: in that case,
the increase of the coefficient in front of the damped oscillating solution will be stopped because the initial condition will have
negative probabilities

7



argument to another state outside H, we conclude that ~Ps(t) is zero everywhere. Therefore, <λi < 0 if

λi 6= 0 and any time varying solution converges to a stationary one.

Theorem 5. Consider a continuous time Markov process to a discrete state space Σ. Time average along

a single trajectory (produced by Kinetic Monte-Carlo for example) converges to a stationary distribution.

Proof. At first, we can restrict the continuous time Markov process to a stationary Markov process in a

single strongly connected component with no outcoming edges: there is a finite time τ after which the

trajectory belongs to a strongly connected component with no outcoming edge; for t > τ , the trajectory

also belongs to the stationary Markov process associated with this strongly connected component with no

outcoming edges. If time average starting at τ converges, then time average starting at any time converges

to the same value.

For that, we apply definition 1 & 2 and theorem 3 in chapter V, §3 in Shiryaev. Formally, the set of

trajectories represents the set of elementary events ω ∈ Ω, with the right definition of the probability

measure P on a given σ-algebra F . The stationary sequence is given by instantaneous probabilities

P [s(ti) = S] defined on equidistant discrete time ti = v ∗ i, i = 1, . . . , (stationarity of continuous time

Markov process and definition of ti implies that the discrete process is stationary and Markovian).

Formally, a trajectory ω is a function R→ Σ, t 7→ ωt and the stationary sequence is a set of random

variables N× Ω→ Σ, (ω, i) 7→ ωti . If we translate the definition 1 in our formalism, an invariant set A ∈ F

is such that there exists B = B1 ×B2 × . . . with Bi ⊂ Σ such that, for all n ≥ 1,

A =
{
ω s. th.

(
ωtn , ωtn+1 , . . .

)
∈ B

}
(15)

If B = Σ× Σ× . . ., then A = Ω and P(A) = 1. Consider the biggest set B that is “smaller” than

Σ×Σ× . . .. It consists of removing one element in one of the Bi. With no loss of generality, let us consider

that B1 = Σ\{S}. In that case,

A = {ω s. th. ωtn 6= S ∀n ≥ 1} (16)

In that case (using Markov property)

P(A) = P [s(t1) 6= S, s(t2) 6= S, . . .]

= lim
n→∞

∑
S(1)...S(n) 6=S

P
[
s(t1) = S(1)

]
×

×P
[
s(t2) = S(2)|s(t1) = S(1)

]
. . .P

[
s(tn) = S(n)|s(tn−1) = S(n−1)

]
(17)
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Using theorem 4, we know that any solution of a master equation has non-zero probabilities (except for the

initial condition). Because transition probabilities are computed by using solutions of master equation,

∑
S′ 6=S

P [s(t1) = S′|s(t1) = S′′] ≤ k < 1 (18)

because P [s(t1) = S|s(t1) = S′′] is bigger than zero (k can be taken as independent of S′′, because there is

a finite number of possible S′′). Therefore,

P(A) ≤ lim
n→∞

∑
S(1) 6=S

P
[
s(t1) = S(1)

]
kn−1 = 0 (19)

If A has zero probability, any sub-set has also zero probability. Therefore, the stationary sequence is

ergodic (definition 2 in Shiryaev). By applying the ergodic theorem (theorem 3 in Shiryaev), time average

of the stationary sequence converges to instantaneous probability distribution (which is the stationary

distribution). If any discrete average converges to the same distribution, continuous time average converges

also to the stationary distribution.

Remark: the fact that any solution of the master has non-zero probability (and that the state space Σ is

finite) is enough to demonstrate ergodicity of the discrete Markov process (each transition probability is

non-zero). But the definition of an ergodic Markov process does not obviously implies that the time

average of a single elementary event converges to a stationary distribution. Because this fact is often not

clearly demonstrated, we prefer to present a proof that uses the general definition of ergodicity.

1.3 Oscillating solutions of the master equation

A complete analysis of oscillatory behavior of a Markov process, given the initial condition and transition

rates, is beyond the present work. Indeed, some general considerations can be stated.

It has been shown above (proof of theorem 4) that any solution of the master equation is a linear

combination of a constant, exponential decays and damped exponential decays:

P [s(t) = S] = K(S) +D(S, t) + F (S, t) (20)

with

D(S, t) =
∑
i

di(S)pi(t) exp(−λit), λi > 0, pi polynomial

F (S, t) =
∑
i

fi(S)qi(t) exp(−ηit) cos(ωit− φi), ηi > 0, (ωi, φi) 6= 0, qi polynomial

(21)
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K(S) is the stationary distribution towards the process converges. It can be noticed that K, λi, ηi and ωi

depend only on the transition rates (or on the transition matrix).

Let us define formally a damped oscillatory Markov process: it is a process whose instantaneous

probabilities have an infinite number of extrema, at least for one state. According to the decomposition

below (equation 20), the initial condition can be modified in order to lower the value of |D(S, t)| and

increase |F (S, t)| in order to have a damped oscillatory process as defined above; but this is only possible if

ηi and ωi exist. This can be reformulated in this simple theorem:

Theorem 6. Consider a set of transition rates. It is possible to construct a damped oscillatory Markov

process with these transition rates if and only if the transition matrix has at least one non-real eigenvalue.

We provide some results about the existence of non-real eigenvalues:

Theorem 7. A transition matrix, whose transition graph has no cycle, has only real eigenvalue.

Proof. Consider the master equation:

d

dt
P [s(t) = S] =

∑
S′

{
ρ(S′→S) P [s(t) = S′]− ρ(S→S′) P [s(t) = S]

}
(22)

This equation can be rewritten:

d

dt
P [s(t) = S] +

(∑
S′

ρ(S→S′)

)
P [s(t) = S] =

∑
S′

ρ(S′→S) P [s(t) = S′] (23)

Or
d

dt
P [s(t) = S] +KP [s(t) = S] = F (t) (24)

Therefore,

P [s(t) = S] = e−Ktp0 +
∫ t

0

F (s)eK(s−t)ds (25)

F (t) depends only on instantaneous probabilities of upstream states (in the transition graph). Because the

transition graph has no cycle, probabilities of upstream states do not depend on P [s(t) = S]. Therefore,

every P [s(t) = S] can be obtained iteratively by computing the left hand side of equation 25, starting at

states that have no in-coming edges in the transition graph (and with specified initial conditions). Because

this iterative procedure consists of integrating exponential, it will never produce oscillatory function (sine

or cosine). Therefore, the transition matrix has only real eigenvalues.
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Theorem 8. Consider a transition matrix (m×m), whose transition graph is a unique cycle, with

identical transition rates. If the matrix dimension is bigger than 2× 2, the matrix has at least one non-real

eigenvalue.

Proof. If the states are ordered along the cycle, the transition matrix (equation 4) becomes

M |µ,ν = δµ,ν(−ρ) + δµ,ν+1ρ for ν < m

M |µ,m = δµ,m(−ρ) + δµ,1ρ (26)

where ρ is the transition rate.

The characteristic polynomial of M is

pM (λ) = (λ+ ρ)m − ρm (27)

(this can be easily obtained by applying the definition of the determinant: det(M) =
∑
σ Πisgn(σ)Miσ(i)).

Therefore, the eigenvalues of M are

λk = ρei2πk/m − 1 with k = 1 . . .m (28)

Therefore, is m > 2, there is at least one λk that is non-real, producing a damped oscillatory process.

Corollary 3. Consider a graph with at least one cycle. There exists a set of transition rates associated

with this graph, whose transition matrix has at least one non-real eigenvalue.

Proof. Consider an transition matrix M0 that has identical transition rates associated with the cycle of the

transition graph, and all other transition rates set to zero. According to previous theorem, M0 has one

non-zero eigenvalue and therefore has damped oscillatory solution(s). Consider Mp a perturbation of M0

that consists of adding small transition rates associated with other links in the graph. Because any solution

of the master equation is analytic in transition rates (matrix exponential is an analytic function), a small

perturbation of a damped oscillatory solution will remain qualitatively the same. Therefore Mp has also a

damped oscillatory behavior if the new transition rates are small enough. Therefore, Mp has at least one

non-real eigenvalue.

Notice that the converse of this corollary is not true. It is possible to construct a parameter-dependent

transition matrix where a continuous variation of transition rates transform non-real eigenvalue(s) to real

one(s), which can be considered as a bifurcation.
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2 Abbreviation

BKMC: Boolean Kinetic Monte-Carlo

AT: Asynchronous transition

ODEs: Ordinary Differential Equations

MaBoSS: Markov Boolean Stochastic Simulator

3 Definitions

Asynchronous transition of node i: Boolean transition S→ S′ such that S′i = Bi(S) and S′j = Sj , j 6= i.

Boolean Kinetic Monte-Carlo: kinetic Monte-Carlo algorithm (or Gillespie algorithm) applied to

continuous time Markov process to a network state space.

Cycle: loop in the transition graph (in Σ).

Cyclic stationary distribution of a stationary distribution: probability distribution such that states with

non-zero probability have only one possible transition (to an other state with non-zero probability).

Damped oscillatory Markov process: continuous time process that has at least one instantaneous

probability with an infinite number of extrema.

Discrete time Transition Entropy, TH(τ): transition entropy over probability distributions of transition

from S:

TH(τ) ≡
∑
S

P [s(τ) = S]TH(S)

Entropy at a given time window τ , H(τ): Shannon entropy over network state probability on time window:

H(τ) ≡ −
∑
S

log2 (P [s(τ) = S]) P [s(τ) = S]

Fixed point of a stationary distribution: probability distribution having one state with probability one.

Hamming distance between two network states S and S′, HD(S,S′): number of different node states

between S and S′:

HD(S,S′) ≡
∑
i

(1− δSi,S′
i
)

Hamming distance distribution of a Markov process, given a reference state Sref, P(HD, t): probability

distribution of hamming distance from the reference state:

P(HD, t) ≡
∑
S

P [s(t) = S] δHD,HD(S,Sref)

Inputs Nodes: nodes on which initial condition is fixed.
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Instantenuous probabilities (first order probabilities), P [s(t) = S]: for a stochastic process, probability

distribution of a single random variable. In other words, probability distribution at a given time.

Internal Nodes: nodes that are not considered for computing probability distributions, entropies and

transition entropies (but these internal nodes are used for generating time trajectories through BKMC

algorithm).

Jump process associated of a continuous time Markov process: discrete time Markov process with the

following transition probabilities:

PS→S′ ≡ ρS→S′∑
S′ ρS→S′

Kinetic Monte-Carlo (or Gillespie algorithm): algorithm for generating stochastic trajectories of a

continuous time Markov process, given the set of transition rates. It consists of repeating the following

procedure:

1. Compute the total rate of possible transitions for leaving S state, i.e. ρtot ≡
∑

S′ ρ(S→S′).

2. Compute the time of the transition: δt ≡ − log(u)/ρtot

3. Order the possible transition states S′(j), j = 1 . . . and their respective transition rates

ρ(j) = ρ(S→S′(j)).

4. Compute the new state S′(k) such that
∑k−1
j=0 ρj < (u′ρtot) ≤

∑k
j=0 ρj (by convention, ρ(0) = 0).

Logic of node i, Bi(S): in asynchronous Boolean Dynamics, Boolean function from state S ∈ Σ to node

state Si ∈ {0, 1}.

Markov process: stochastic process having the Markov property: “conditional probabilities in the future,

related to the present and the past, depend only on the present”.

Master equation: differential equation for computing instantaneous probabilities from transition rates:

d

dt
P [s(t) = S] =

∑
S′

{
ρ(S′→S) P [s(t) = S′]− ρ(S→S′) P [s(t) = S]

}
Network state, S: for a given set of nodes, vector of node states.

Network states probability on time window over time interval ∆t, P [s(τ) = S]: averaged instantaneous

probabilities over time interval:

P [s(τ) = S] ≡ 1
∆t

∫ (τ+1)∆t

τ∆t

dt P [s(t) = S]

Network state space, Σ: set of all possible network states S for a given set of nodes. The size is 2#nodes.
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Output nodes: nodes that are not internal.

Set of realizations or stochastic trajectories of a given stochastic process: set of time trajectories in network

state space, Ŝ(t) ∈ Σ, t ∈ I ⊂ R, that corresponds to the set of elementary events of the stochastic process.

Reference Nodes: nodes for which there is a reference state; the Hamming distance is computed considering

only these nodes.

Similarity coefficient, D(s(i)
0 , s

(j)
0 ) ∈ [0, 1] between two stationary distribution estimates s(i)

0 and s
(j)
0 : real

number quantifying how close these two estimates are.

State of the node i, Si: Boolean value (0 or 1) associated to node indexed by i.

Stationary stochastic process: stochastic process with constant joint probabilities respective to global time

shift (consequence, instantaneous probabilities are time independent).

Stationary distribution of a Markov process: instantaneous probabilities associated to a (new) stationary

Markov process having the same transition probabilities/rates.

Stochastic process, s(t) (t ∈ I ⊂ R): set of random variables indexed by an real/integer number (called

“time”), over the same probability state. Notice that, within this definition, a stochastic process is defined

from a probability space to a state space. If time is an integer number, the stochastic process is called

discrete. If time is a real number, stochastic process is called continuous.

Time independent Markov process: Markov process with time independent transition probabilities/rates.

Transition Entropy of state S, TH(S): Shannon entropy over probability distribution of transitions from S:

TH(S) ≡ −
∑
S′

log2(PS→S′)PS→S′

(by convention, TH(S) = 0 if there is no transition from S), with

PS→S′ ≡ ρS→S′∑
S′ ρS→S′

Transition Entropy with internal nodes of from state S:

• If the only possible transitions from state S consist of flipping an internal node, the transition

entropy is zero.

• If the possible transitions consist of flipping internal and non-internal nodes, only the non-internal

nodes will be considered for computing PS→S′ .

Transition graph of a time independent Markov process: graph in Σ, with an edge between S and S′ when

ρS→S′ > 0 (or P [s(ti) = S|s(ti−1) = S′] > 0 if time is discrete).
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Transition probabilities, P [s(t) = S|s(t− 1) = S′]: for discrete time Markov process, conditional

probability distribution at a given time, given the state at previous time.

Transitions rates, ρS→S′ (≥ 0): basic elements for constructing a continuous time Markov process, similar

to transition probabilities for a discrete time Markov process.

Undecomposable stationary distribution: stationary distribution that cannot be expressed as a linear

combination of (different) stationary distributions.

4 Algorithms and estimates

Cluster of (estimated) stationary distributions given a similarity threshold α:

C = {s0| ∃s′0 ∈ C s. t. D(s0, s
′
0) ≥ α}

Cluster associated distribution, given a cluster:

P [sC = S] =
1
|C|
∑
s∈C

P [s = S]

The error on these probabilities can be computed by

Err (P [sC = S]) =
√

Var(P [s = S] , s ∈ C)/|C|

Entropy on time window τ from network state probabilities:

Ĥ(τ) = −
∑
S

log2

(
P̂ [s(τ) = S]

)
P̂ [s(τ) = S]

Hamming distance distribution on time window τ from network state probabilities, given a reference state

Sref:

P̂(HD, τ) =
∑
S

P̂ [s(τ) = S] δHD,HD(S,Sref)

Kinetic Monte-Carlo (or Gillespie algorithm):

1. Compute the total rate of possible transitions for leaving S state, i.e. ρtot ≡
∑

S′ ρ(S→S′).

2. Compute the time of the transition: δt ≡ − log(u)/ρtot

3. Order the possible new states S′(j), j = 1 . . . and their respective transition rates ρ(j) = ρ(S→S′(j)).

4. Compute the new state S′(k) such that
∑k−1
j=0 ρj < (u′ρtot) ≤

∑k
j=0 ρj (by convention, ρ(0) = 0).

Network states probability on time window from a set of trajectories:
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1. For each trajectory j, compute the time for that the system is in state S, in the window

[τ∆t, (τ + 1)∆t]. Divide this time by ∆t. Obtain an estimate of P [s(τ) = S] for trajectory j, ie

P̂j [s(τ) = S].

2. Compute the average over j of all P̂j [s(τ) = S] to obtain P̂ [s(τ) = S]. Compute the error of this

average (
√

Var(P̂ [s(τ) = S])/# trajectories).

Similarity coefficient between two (estimated) stationary distributions s0, s′0:

D(s0, s
′
0) =

 ∑
S∈supp(s0,s′0)

P̂ [s0 = S]

 ∑
S′∈supp(s0,s′0)

P̂ [s′0 = S′]


where

supp(s0, s
′
0) ≡

{
S| P̂ [s0 = S] P̂ [s′0 = S] > 0

}
Stationary distribution from a single trajectory Ŝ(t), t ∈ [0, T ]:

P̂ [s0 = S] =
1
T

∫ T

0

dtIS(t)

where IS(t) ≡ δS,Ŝ(t)

Transition Entropy on time window τ from network state probabilities:

1. For each trajectory j, compute the set (Φ) of visited states (S) in time window [τ∆t, (τ + 1)∆t] and

their respective duration (µS). The estimated transition entropy is

ˆTH(τ)j =
∑
S∈Φ

TH(S)
µS

∆t

2. Compute the average over j of all ˆTH(τ)j to obtain ˆTH(τ). Compute the error of that average

(
√

Var( ˆTH(τ))/# trajectories).
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